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By a system of blocks we shall mean a finite indexed collection S, ,..., S, 
of subsets of a finite set S = {a1 ,..., a, }. ki will denote ISi I, the cardinality 
of the i-th block; ri = 1 {i 1 S, 3 uj} 1 is called the j-th replication number. 
If i # j, htf = / SC n Sj 1 is called the i, j intersection parameter. 
The system is said to be a symmetric block design if the following 
conditions are satisfied: 
(0) 12 = m; 
(1) ki = k, for 1 < i < n; 
(1’) rj = r, for 1 ,C j < m; 
(2) Aij = X,for 1 <icj<n. 
(This definition includes the degenerate systems: (a) Si = S for all i, 
(b) & = q5 for all i, (c) Si = {a,(s} for some permutation Z- of (I,..., n>.) 
There are standard theorems to the effect that: any system satisfying 
(0), (l), (2) with h -=c k is a symmetric block design and that any system 
satisfying (0), (l’), (2) with h > 0 is a symmetric block design. In [2] 
Ryser shows that there are systems other than symmetric block designs 
satisfying (0) and (2) but neither (1) nor (1’). He calls these systems 
&designs. 
For i # j we may define Q = I Si + Sj I (where + is Boolean sum: 
S, + Sj = {a ) a E Si u Sj , a 4 & n S,}) which we will call the i, j sum 
parameter. A symmetric block design obviously also satisfies: 
(3) oij=a,forl<iij<n. 
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It is obvious that the conditions (1) and (3) imply the condition (2), thus 
any system satisfying (0), (l), (3) with 0 > 0 (u = 0 iff h = k) is a sym- 
metric block design. In [l] it was proved that any system satisfying (0), 
(I’), (3) with r # m/2 is a symmetric block design. This note is devoted to 
the consideration of those systems satisfying (0) and (3). We shall see 
that these systems are either symmetric block design or very closely 
related to symmetric block designs. 
MAIN RESULTS 
DEFINITION 1. The system of blocks S, ,..., S, on S is equivalent to 
the system of blocks S,‘,..., S,’ on S if there is a subset T C S such that 
Si’ = (Si + T) for i = l,..., n. 
PROPOSITION 1. If S, ,..., S, C S = {a, ,..., a,} satisfies condition (3) 
with sum parameter u, then any equivalent system satisfies condition (3) 
with sum parameter 0. 
proof. (St-tT)+(SifT)=Si+Sj;thusififj 
I (Si + T) + (Sj + T)I = I Si + Sj I = u. 
PROPOSITION 2. If the system of blocks S, ,..., S, on S = {a, ,..., a,} is 
a Hadamard symmetric block design (m = 4t - 1, r = k = 2t - 1, X = t - l), 
then S 1 ,..., S, , S is a system of m + 1 subsets of S which satisfy condition 
(3) with sum parameter u = 2t. Furthermore, there is a system of two sets 
on one point (S, = 4, S, = S = {a} with 0 = 1) which satisfies (3). 
Proof Ifi#j,ISi+SjI = ISil+lSjl -21&n&l =2k-22X= 
2t; while I S, + S 1 = I S 1 - I Si I = m - k = 2t for i = l,..., m. 
THEOREM. If& ,..., S, is a system of blocks on S = {ql ,..., am} and if 
ISi+SjI=a>Owheneveri#j,thenm>,n-l.Ifm=n-1,then 
S 1 ,..., S, is equivalent to one of the systems constructed in Proposition 2. 
If m = n and 2u # m, then S, ,..., S,, is equivalent to a symmetric block 
design. Finally, tf m = n and 2u = m, the exponential incidence matrix of 
the system (see below) is a Hadamard matrix. 
Proof We introduce the exponential incidence matrix A = [uii] where 
ai, = I -1 ifaiESj 1 I if at $ Sj ’ 
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We will now apply to A arguments analogous to those used by Ryser in 
[2] on the usual incidence matrix. It is easy to see that 
where TV = m - 2~. Also it is easy to compute det ATA to be 
Cm + (n - l>p)(m - j-Q--l. 
Since (T > 0, m - p > 0. 
Case 1. m + (n - l),u = 0. We have p = -m/(n - l), which must 
be an integer. Thus m/(n - 1) 3 1, i.e., m 3 n - 1. 
Case 2. m + (n - 1)~ # 0. In this case ATA is non-singular which, 
thinking of it as a linear transformation, implies that A is 1 - 1, which 
in turn implies that m > n. 
If n = m and p = 0 (m = 2u), we have ATA = ml, that is to say, A is 
a Hadamard matrix. Now let us assume that m = n but p # 0 and let pi 
be the i-th row sum of A. Clearly pi = n - 2ri . Take the inner product 
of the j-th column of A with each column of A and add these numbers. 
We may compute this directly as n + (n - 1)~ or row by row as EYE, piaci . 
We have then 
gl Pi% = (n - p) + np. (4) 
If we sum this overj = l,..., n, we get 
j$ pi2 = 0 - 4-t n2p. (5) 
If n - p + np = 0, we would have p = -n/(n - l), from which we 
would conclude n = 2, p = -2. It is easy to check that there are con- 
figurations with these parameters and that they are all equivalent to 
designs. Hence we may assume that (n - p + np) # 0. We define 
H= 
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Using (4) and (5) we may compute HTH to be the diagonal matrix with 
entries 
(n - cc)(n - P - Y-4 
3 
-P 
n - p,..., n - p, 
on the diagonal. 
We may then normalize the columns of H to get K, i.e., K = HD, where 
D is the diagonal matrix with 
G 1 1 -- 
on the diagonal. Then KTK = I, from which we conclude that KKT = I. 
The inner produce of the (i + I)-st row of K with itself yields 
- PPi2 




which implies pi2 = (n - P + no). Thus, for all i, pi = & l/n - p + np. 
Let S,‘-= (Si + T) be an equivalent system; the exponential incidence 
matrix of this new system is obtained from A by negating those rows of A 
which correspond to elements of T. Thus there is an equivalent system 
with each row sum pi equal to d/n - p + nt.~, i.e., there is an equivalent 
system which also satisfied (l’), where 
,_n-+-p+w+n 
2 2 
(since dn - p + np # 0). 
By the Main Result of [l], this equivalent system is a symmetric block 
design. 
Finally let us turn to the case in which m = n - 1. As we have seen 
~1 = -m/(n - 1) = - 1. By the above discussion the first m-sets of the 
system are equivalent to a symmetric block design with positive row sums. 
Our system is then equivalent to a system S, ,..., S,,, of subsets of 
s = (a1 ,..., urn> which satisfies (3) with ,u = -1 and where S, ,..., S, is a 
symmetric block design whose exponential incidence matrix has row sums 
p = drn - p + mp = 1. We also have 
and mfl ~C-------; 
2 
assuming that m > 1, we may conclude from this that 
A=2k-- m-3 PC-------* 
2 4 
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It follows that m = 4t - 1, h = t - 1, r = k = 2t - 1, and u = 2t, i.e., 
the system is a Hadamard symmetric block design. We also have that, 
for any i = 1, 2 ,..., m + 1, the exponential matrix of S, ,..., Sip1 , 
&+I ,...9 sn,, must also have row sums &I. Focusing attention on one 
row we have then a string of more than two &l’s such that the removal 
of any entry leaves a sum of f 1; it follows that the sum of all entries is 0. 
Since the row sums of the matrix of S, ,..., S, are all + 1, the column 
associated with S,,, must have all entries equal to - 1, i.e., S,,, = S. 
CONCLUSION 
Every symmetric block design satisfies condition (3). Conversely given 
a system of 12 blocks on TZ points satisfying condition (3) with sum para- 
meter u # n/2, there are exactly two possible replication numbers (recall 
p = f&z - p + np); and, if we let T be the set of points with one of 
the replication numbers, the equivalent system obtained by adding T to 
every block is a symmetric block design. Finally an n by n system satisfies 
condition (3) with sum paramter n/2 iff the exponential incidence matrix 
of the system is a Hadamard matrix. 
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